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application of our main result, we present a common ﬁxed-point theorem for four
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1 Introduction
In , Banach proved the principal contraction result []. As we know, there have been
published many works about ﬁxed-point theory for diﬀerent kinds of contractions on
some spaces such as quasi-metric spaces [], cone metric spaces [], convex metric spaces
[], partially ordered metric spaces [–], G-metric spaces [–], partial metric spaces
[, ], quasi-partial metric spaces [], fuzzy metric spaces [], andMenger spaces [].
Also, studies either on approximate ﬁxed point or on qualitative aspects of numerical pro-
cedures for approximating ﬁxed points are available in the literature; see [, , ].
Jungck and Rhoades [] weakened the notion of compatibility by introducing the no-
tion of weakly compatible mappings (extended by Singh and Jain [] to probabilistic
metric space) and proved common ﬁxed-point theorems without assuming continuity
of the involved mappings in metric spaces. In , Aamri and Moutawakil [] intro-
duced the notion of property (E.A) (extended by Kubiaczyk and Sharma [] to proba-
bilistic metric space) for self-mappings which contained the class of noncompatible map-
pings due to Pant []. Further, Liu et al. [] deﬁned the notion of common prop-
erty (E.A) (extended by Ali et al. [] to probabilistic metric space) which contains the
property (E.A) and proved several ﬁxed-point theorems under hybrid contractive condi-
tions. Since then, there has been continuous and intense research activity in ﬁxed-point
theory and by now there exists an extensive literature (e.g. [–] and the references
therein).
Many mathematicians proved several common ﬁxed-point theorems for contraction
mappings in Menger spaces by using diﬀerent notions viz. compatible mappings, weakly
compatible mappings, property (E.A), common property (E.A) (see [, –]).
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In the present paper, we prove some common ﬁxed-point theorems for weakly compati-
ble mappings inMenger space using the common property (E.A). Some examples are also
derived which demonstrate the validity of our results. As an application of ourmain result,
we extend the related results to four ﬁnite families of self-mappings in Menger spaces.
2 Preliminaries
In the sequel, R, R+, and N denote the set of real numbers, the set of nonnegative real
numbers, and the set of positive integers, respectively.
Deﬁnition . [] A triangular norm ∗ (shortly t-norm) is a binary operation on the unit
interval [, ] such that for all a,b, c,d ∈ [, ] the following conditions are satisﬁed:
() a ∗  = a,
() a ∗ b = b ∗ a,
() a ∗ b≤ c ∗ d whenever a≤ c and b≤ d,
() a ∗ (b ∗ c) = (a ∗ b) ∗ c.
Examples of t-norms are a ∗ b =min{a,b}, a ∗ b = ab, and a ∗ b =max{a + b – , }.
Deﬁnition . [] A mapping F : R → R+ is called a distribution function if it is non-
decreasing and left continuous with inf{F(t) : t ∈R} =  and sup{F(t) : t ∈R} = . We shall
denote the set of all distribution functions on (–∞,∞) by , while H will always denotes




, if t ≤ ;
, if t > .
If X is a nonempty set, F : X ×X →  is called a probabilistic distance on X and F(x, y)
is usually denoted by Fx,y.
Deﬁnition . [] The ordered pair (X,F ) is called a probabilistic metric space (shortly,
PM-space) if X is a nonempty set and F is a probabilistic distance satisfying the following
conditions:
() Fx,y(t) =  for all t >  if and only if x = y,
() Fx,y() =  for all x, y ∈ X ,
() Fx,y(t) = Fy,x(t) for all x, y ∈ X and for all t > ,
() Fx,z(t) = , Fz,y(s) = ⇒ Fx,y(t + s) =  for x, y, z ∈ X and t, s > .
Every metric space (X,d) can always be realized as a probabilistic metric space deﬁned
by Fx,y(t) = H(t – d(x, y)) for all x, y ∈ X and t > . So probabilistic metric spaces oﬀer a
wider framework (than that of the metric spaces) and are general enough to cover even
wider statistical situations.
Deﬁnition . [] A Menger space (X,F ,∗) is a triplet where (X,F ) is a probabilistic
metric space and ∗ is a t-norm satisfying the following condition:
Fx,y(t + s)≥ Fx,z(t) ∗ Fz,y(s),
for all x, y, z ∈ X and t, s > .
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Throughout this paper, (X,F ,∗) is considered to be a Menger space with condition
limt→∞Fx,y(t) =  for all x, y ∈ X. Every fuzzy metric space (X,M,∗) may be a Menger
space by considering F : X ×X →  deﬁned by Fx,y(t) =M(x, y, t) for all x, y ∈ X.
Deﬁnition . [] Let (X,F ,∗) be a Menger space and ∗ be a t-norm. Then
() a sequence {xn} in X is said to converge to a point x in X if and only if for every  > 
and λ ∈ (, ), there exists an integer N ∈N such that Fxn ,x() >  – λ for all n≥N ;
() a sequence {xn} in X is said to be Cauchy if for every  >  and λ ∈ (, ), there exists
an integer N ∈N such that Fxn ,xm () >  – λ for all n,m≥N .
AMenger space in which every Cauchy sequence is convergent is said to be complete.
Deﬁnition . [] A pair (A,S) of self-mappings of aMenger space (X,F ,∗) is said to be
compatible if limn→∞ FASxn ,SAxn (t) =  for all t > , whenever {xn} is a sequence in X such
that limn→∞ Axn = limn→∞ Sxn = z for some z ∈ X.
Deﬁnition . [] A pair (A,S) of self-mappings of aMenger space (X,F ,∗) is said to be
noncompatible if there exists at least one sequence {xn} in X such that limn→∞ Axn = z =
limn→∞ Sxn for some z ∈ X, but, for some t > , either limn→∞ FASxn ,SAxn (t) 
=  or the limit
does not exist.
Deﬁnition . [] A pair (A,S) of self-mappings of a Menger space (X,F ,∗) is said to
satisfy property (E.A) if there exists a sequence {xn} in X such that
lim
n→∞Axn = limn→∞Sxn = z,
for some z ∈ X.
Remark . From Deﬁnition ., it is easy to see that any two noncompatible self-
mappings of (X,F ,∗) satisfy property (E.A) but the reverse need not be true (see [,
Example ]).
Deﬁnition . [] Two pairs (A,S) and (B,T) of self-mappings of a Menger space
(X,F ,∗) are said to satisfy the common property (E.A) if there exist two sequences {xn},
{yn} in X such that
lim
n→∞Axn = limn→∞Sxn = limn→∞Byn = limn→∞Tyn = z,
for some z ∈ X.
Deﬁnition. [] Apair (A,S) of self-mappings of a nonempty setX is said to beweakly
compatible (or coincidentally commuting) if they commute at their coincidence points, i.e.
if Az = Sz for some z ∈ X, then ASz = SAz.
Remark . If self-mappings A and S of a Menger space (X,F ,∗) are compatible then
they are weakly compatible but the reverse need not be true (see [, Example ]).
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Remark . It is noticed that the notion of weak compatibility and the (E.A) property are
independent to each other (see [, Example .]).
Deﬁnition . [] Two families of self-mappings {Ai} and {Sj} are said to be pairwise
commuting if:
() AiAj = AjAi, i, j ∈ {, , . . . ,m},
() SkSl = SlSk , k, l ∈ {, , . . . ,n},
() AiSk = SkAi, i ∈ {, , . . . ,m}, k ∈ {, , . . . ,n}.
3 Main results
Let is a set of all increasing and continuous functions φ : (, ]→ (, ], such that φ(t) > t
for every t ∈ (, ).
Example . Let φ : (, ]→ (, ] deﬁned by φ(t) = t  . It is easy to see that φ ∈.
Before proving our main theorems, we begin with the following lemma.
Lemma . Let A, B, S and T be self-mappings of a Menger space (X,F ,∗), where ∗ is a
continuous t-norm. Suppose that
() A(X)⊂ T(X) or B(X)⊂ S(X),
() the pair (A,S) or (B,T) satisﬁes property (E.A),
() B(yn) converges for every sequence {yn} in X whenever T(yn) converges or A(xn)
converges for every sequence {xn} in X whenever S(xn) converges,















holds for all x, y ∈ X, t > . Then the pairs (A,S) and (B,T) share the common property
(E.A).
Proof Suppose the pair (A,S) satisﬁes property (E.A), then there exists a sequence {xn} in
X such that
lim
n→∞Axn = limn→∞Sxn = z, (.)
for some z ∈ X. Since A(X)⊂ T(X), hence for each {xn} ⊂ X there corresponds a sequence
{yn} ⊂ X such that Axn = Tyn. Therefore,
lim
n→∞Tyn = limn→∞Axn = z. (.)
Thus in all, we haveAxn → z, Sxn → z andTyn → z. By (), the sequence {Byn} converges
and in all we need to show that Byn → z as n→ ∞. Let Byn → l for t >  as n→ ∞. Then,
it is enough to show that z = l. Suppose that z 
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In order to establish the claim embodied in (.), let us assume that (.) does not hold.












as n→ ∞. This shows that Fz,l(t) =  for all t > , which contradicts z 
= l, and hence (.)
is proved. Using inequality (.), with x = xn, y = yn, we get







min{FSxn ,Axn (t),FTyn ,Byn (t)},
supt+t= k t











min{FSxn ,Axn (),FTyn ,Byn ( k t – )},












min{Fz,z(),Fz,l( k t – )},













k t – 
)
,






which contradicts (.). Therefore, z = l. Hence the pairs (A,S) and (B,T) share the com-
mon property (E.A). 
Remark . In general, the converse of Lemma . is not true (see [, Example .]).
Now we prove a common ﬁxed-point theorem for two pairs of mappings in Menger
space which is an extension of the main result of Sedghi et al. [] in a version of Menger
space.
Theorem . Let A, B, S and T be self-mappings of a Menger space (X,F ,∗), where ∗ is a
continuous t-norm satisfying inequality (.) of Lemma .. Suppose that
() the pairs (A,S) and (B,T) share the common property (E.A),
() S(X) and T(X) are closed subsets of X .
Then the pairs (A,S) and (B,T) have a coincidence point each.Moreover, A, B, S, and T
have a unique common ﬁxed point provided both pairs (A,S) and (B,T) are weakly com-
patible.
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Proof Since the pairs (A,S) and (B,T) share the common property (E.A), there exist two
sequences {xn} and {yn} in X such that
lim
n→∞Axn = limn→∞Sxn = limn→∞Byn = limn→∞Tyn = z, (.)
for some z ∈ X. Since S(X) is a closed subset ofX, hence limn→∞ Sxn = z ∈ S(X). Therefore,
there exists a point u ∈ X such that Su = z. Now we assert that Au = Su. Suppose that
Au 






In order to establish the claim embodied in (.), let us assume that (.) does not hold.












as n→ ∞. This shows that FAu,Su(t) =  for all t > , which contradicts Au 
= Su and hence
(.) is proved. Using inequality (.), with x = u, y = yn, we get




















min{Fz,Au( k t – ),FByn ,Tyn ()},












min{Fz,Au( k t – ),Fz,z()},













k t – 
)
,






which contradicts (.). ThereforeAu = Su = z and hence u is a coincidence point of (A,S).
If T(X) is a closed subset of X. Therefore there exists a point v ∈ X such that Tv = z. Now
we assert that Bv = Tv = z. Let, on the contrary, Bv 
= Tv. As earlier, there exists t >  such








To support the claim, let it be untrue. Then we have FBv,Tv( k t) ≤ FBv,Tv(t) for all t > .












as n → ∞. This shows that FBv,Tv(t) =  for all t > , which contradicts Bv 
= Tv and hence
(.) is proved. Using inequality (.), with x = xn, y = v, we get




















min{FSxn ,Axn (),Fz,Bv( k t – )},












min{Fz,z(),Fz,Bv( k t – )},













k t – 
)
,






which contradicts (.). Therefore Bv = Tv = z, which shows that v is a coincidence point
of the pair (B,T).
Since the pair (A,S) is weakly compatible, thereforeAz = ASu = SAu = Sz. Nowwe assert
that z is a common ﬁxed point of (A,S). If z 
= Az, then on using (.) with x = z, y = v, we





















min{FAz,Az(),Fz,z( k t – )},
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which is a contradiction. Hence Az = Sz = z, i.e. z is a common ﬁxed point of (A,S). Also
the pair (B,T) is weakly compatible, therefore Bz = BTv = TBv = Tz. Now we show that z
is also a common ﬁxed point of (B,T). If z 
= Bz, then on using (.) with x = u, y = z, we





















min{Fz,z(),FBz,Bz( k t – )},



















which is a contradiction. Therefore Bz = z = Tz, which shows that z is a common ﬁxed
point of the pair (B,T). Therefore z is a common ﬁxed point of both pairs (A,S) and (B,T).
The uniqueness of common ﬁxed point is an easy consequence of inequality (.). 
Remark . Theorem . is an improved probabilistic version of the result of Sedghi et al.
[, Theorem ] for two pairs of self-mappings without any requirement on containment
of ranges amongst the involved mappings.
The following example illustrates Theorem ..
Example . Let (X,F ,∗) be a Menger space, where X = [, ], with continuous t-norm
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for all x, y ∈ X. The function φ is deﬁned as in Example .. Deﬁne the self-mappings A, B,




, if x ∈ {} ∪ (, ];




, if x ∈ {} ∪ (, ];




, if x = ;
, if x ∈ (, ];
x+




, if x = ;
, if x ∈ (, );
, if x = ;
x+
 , if x ∈ (, ].
We take {xn} = { + n }, {yn} = {} or {xn} = {}, {yn} = { + n }. We have
lim
n→∞Axn = limn→∞Sxn = limn→∞Byn = limn→∞Tyn =  ∈ X.
Therefore, both pairs (A,S) and (B,T) satisfy the common property (E.A).
It is noted that A(X) = {, }  [, .] ∪ {, } = T(X) and B(X) = {, .}  [, .] ∪
{} = S(X). On the other hand, S(X) and T(X) are closed subsets of X. Thus, all the con-
ditions of Theorem . are satisﬁed and  is a unique common ﬁxed point of the pairs
(A,S) and (B,T), which also remains a point of coincidence as well. Also, all the involved
mappings are even discontinuous at their unique common ﬁxed point .
Remark . In fact, the mapping F in Example . is also a fuzzy metric. However, the
result of Sedghi et al. [, Theorem ] cannot be used for this case since A(X) T(X) and
B(X) S(X).
Theorem . The conclusion of Theorem . remains true if the condition () of Theo-
rem . is replaced by the following:
()′ A(X) ⊂ T(X) and B(X) ⊂ S(X), where A(X) is the closure range of A and B(X) is the
closure range of B.
Proof Since the pairs (A,S) and (B,T) satisfy the common property (E.A), there exist two
sequences {xn} and {yn} in X such that
lim
n→∞Axn = limn→∞Sxn = limn→∞Byn = limn→∞Tyn = z,
for some z ∈ X. Then since z ∈ A(X) and A(X)⊂ T(X) there exists a point v ∈ X such that
z = Tv. By the proof of Theorem ., we can show that the pair (B,T) has a coincidence
point, call it v, i.e. Bv = Tv. Since z ∈ B(X) and B(X)⊂ S(X) there exists a point u ∈ X such
that z = Su. Similarly we can also prove that the pair (A,S) has a coincidence point, call it
u, i.e. Au = Su. The rest of the proof is on the lines of the proof of Theorem ., hence it is
omitted. 
Corollary . The conclusions of Theorems .-. remain true if condition () of Theo-
rem . and condition ()′ of Theorem . are replaced by the following:
()′′ A(X) and B(X) are closed subsets of X provided A(X)⊂ T(X) and B(X)⊂ S(X).
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Theorem . Let (X,F ,∗) be a Menger space, where ∗ is a continuous t-norm. Let A, B,
S and T be mappings from X into itself and satisfying the conditions ()-() of Lemma ..
Suppose that
() S(X) (or T(X)) is a closed subset of X .
Then the pairs (A,S) and (B,T) have a coincidence point each.Moreover, A, B, S and T
have a unique common ﬁxed point provided both pairs (A,S) and (B,T) are weakly com-
patible.
Proof In view of Lemma ., the pairs (A,S) and (B,T) share the common property (E.A),
i.e. there exist two sequences {xn} and {yn} in X such that
lim
n→∞Axn = limn→∞Sxn = limn→∞Byn = limn→∞Tyn = z,
for some z ∈ X.
If S(X) is a closed subset of X, then on the lines of Theorem ., we can show that the
pair (A,S) has coincidence point, say u, i.e. Au = Su = z. SinceA(X)⊂ T(X) andAu ∈ A(X),
there exists v ∈ X such that Au = Tv. The rest of the proof runs along the lines of the proof
of Theorem ., therefore details are omitted. 
Remark . Theorem . is also a partial improvement of Theorem . besides relaxing
the closedness of one of the subspaces.




, if x ∈ {} ∪ (, ];




, if x ∈ {} ∪ (, ];




, if x = ;
, if x ∈ (, ];
x+




, if x = ;
 + x, if x ∈ (, ];
x+
 , if x ∈ (, ].
It is noted thatA(X) = {, } ⊂ [, ]∪ (, ] = T(X) and B(X) = {, } ⊂ [, ]∪{} =
S(X). Also the pairs (A,S) and (B,T) commute at  which is their common coincidence
point. Thus all the conditions of Theorems .-. and Corollary . are satisﬁed and  is a
unique common ﬁxed point ofA, B, S and T . Here, it may be pointed out that Theorem .
is not applicable to this example as S(X) is not a closed subset of X. Also, notice that some
mappings in this example are even discontinuous at their unique common ﬁxed point .
By choosing A, B, S, and T suitably, we can drive a multitude of common ﬁxed-point
theorems for a pair or triod of self-mappings. If we take A = B and S = T in Theorem .
then we get the following natural result which is an improved probabilistic version of the
result of Sedghi et al. [, Theorem ].
Corollary . Let (X,F ,∗) be a Menger space, where ∗ is a continuous t-norm. Let A and
S be mappings from X into itself and satisfying the following conditions:
() The pair (A,S) shares property (E.A),
() S(X) is a closed subset of X ,
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holds for all x, y ∈ X and t > . Then the pair (A,S) has a coincidence point. Moreover, A
and S have a unique common ﬁxed point provided the pair (A,S) is weakly compatible.
Our next theorem is proved for six self-mappings inMenger space, which extends earlier
proved Theorem ..
Theorem . Let (X,F ,∗) be a Menger space, where ∗ is a continuous t-norm. Let A, B,
R, S, H and T be mappings from X into itself and satisfying the following conditions:
() The pairs (A,SR) and (B,TH) share the common property (E.A),
() SR(X) and TH(X) are closed subsets of X ,















holds for all x, y ∈ X and t > . Then the pairs (A,SR) and (B,TH) have a coincidence point
each.Moreover, A, B, R, S, H , and T have a unique common ﬁxed point provided the pairs
(A,SR) and (B,TH) commute pairwise (i.e. AS = SA,AR = RA, SR = RS,BT = TB,BH =HB,
and TH =HT ).
Proof By Theorem ., A, B, TH and SR have a unique common ﬁxed point z in X. We
show that z is a unique common ﬁxed point of the self-mappingsA, R and S. If z 
= Rz, then





















min{FRz,Rz(),Fz,z( k t – )},
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which is a contradiction. Therefore, Rz = z and so S(Rz) = S(z) = z. Similarly, we get Tz =
Hz = z. Hence z is a unique common ﬁxed point of self-mappings A, B, R, S, H and T
in X. 
Corollary . Let (X,F ,∗) be a Menger space, where ∗ is a continuous t-norm. Let
{Ai}mi=, {Br}nr=, {Sk}pk= and {Tg}qg= be four ﬁnite families from X into itself such that
A = AA · · ·Am, B = BB · · ·Bn, S = SS · · ·Sp and T = TT · · ·Tq, which satisfy the in-
equality (.). If the pairs (A,S) and (B,T) share the common property (E.A) along with
closedness of S(X) and T(X), then (A,S) and (B,T) have a point of coincidence each.
Moreover, {Ai}mi=, {Br}nr=, {Sk}pk= and {Tg}qg= have a unique common ﬁxed point pro-
vided the pairs of families ({Ai}, {Sk}) and ({Br}, {Tg}) are commute pairwise, where i ∈
{, , . . . ,m}, k ∈ {, , . . . ,p}, r ∈ {, , . . . ,n} and g ∈ {, , . . . ,q}.
Proof The proof of this theorem is similar to that of Theorem . contained in Imdad et
al. [], hence details are omitted. 
Remark . Corollary . extends the result of Sedghi et al. [, Theorem ] to four ﬁnite
families of self-mappings.
By setting A = A = · · · = Am = A, B = B = · · · = Bn = B, S = S = · · · = Sp = S, and
T = T = · · · = Tq = T in Corollary ., we deduce the following.
Corollary . Let (X,F ,∗) be a Menger space, where ∗ is a continuous t-norm. Let A, B,
S and T be mappings from X into itself such that the pairs (Am,Sp) and (Bn,Tq) share the















holds for all x, y ∈ X and t > . If Sp(X) and Tq(X) are closed subsets of X , then the pairs
(A,S) and (B,T) have a point of coincidence each. Further, A, B, S, and T have a unique
common ﬁxed point provided both pairs (Am,Sp) and (Bn,Tq) commute pairwise.
Conclusion
Theorem . is proved for two pairs of weakly compatible mappings in Menger spaces
using common property (E.A). Theorem . is an improved probabilistic version of the
result of Sedghi et al. [, Theorem ] for two pairs of mappings without any requirement
on containment of ranges amongst the involved mappings. Several results (Theorem .,
Theorem . andCorollary .) are also deﬁned for the existence of ﬁxed points inMenger
spaces. Example . and Example . are furnished in support of our results. As an exten-
sion of our main result, Theorem . is proved for six self-mappings using the notion of
pairwise commuting whereas Corollary . extends Theorem . to four ﬁnite families of
self-mappings.
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